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 Geometry of Higgs-branch superconformal primary bundles
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It is known that the two- and three-point functions of Higgs-branch superconformal primaries in 4d
N ¼ 2 superconformal field theories obey nonrenormalization theorems on N ¼ 2 superconformal
manifolds. In this paper, we prove a stronger statement—that the bundles of Higgs-branch superconformal
primaries over N ¼ 2 superconformal manifolds are endowed with a flat connection or, equivalently, that
Higgs-branch superconformal primaries have vanishing Berry phases under N ¼ 2 exactly marginal
deformations. This statement fits well with the proposed correspondence between the rigid structures of
two-dimensional chiral algebras and the sector of Schur operators in four-dimensionalN ¼ 2 theories. We
also discuss the general interplay between nonrenormalization theorems and the curvature of bundles of
protected operators and provide a new simpler proof of the vanishing curvature of 1=2-BPS operators in
four-dimensional N ¼ 4 SYM theory that does not require the use of the four-dimensional tt equations.
DOI: 10.1103/PhysRevD.98.065012
I. INTRODUCTION
A. Background and motivation
In this paper, we focus on four-dimensional supercon-
formal quantum field theories (SCFTs) that possess non-
trivial conformal manifoldsM. By definition, each point of
the spaceM is a SCFT. One can move from one point of
M to another with a continuous exactly marginal defor-
mation. As a result,M is parametrized by the set of exactly
marginal couplings that describe these deformations. The
theories of interest in this paper possess exactly marginal
couplings that preserve N ¼ 2 supersymmetry (i.e., eight
Poincare´ supercharges).
At each point ofM a SCFT comes equipped with a set of
local operators, or via the operator-state correspondence,
with a Hilbert space of states in radial quantization.
Globally on the conformal manifold, the vector space of
operators or states defines a vector bundle with base M,
which is graded by the scaling dimension and other global
charges of the theory. This vector bundle is endowed with a
connection ∇ that allows the proper comparison of data
between the SCFTs at different values of the exactly
marginal couplings.
Natural notions of connection have been discussed
in conformal perturbation theory, [1,2]. Physically, the
connection is born out of the regularization of ultraviolet
divergences. The naive derivative of an n-point function
with respect to an exactly marginal coupling λμ turns into a
covariant derivative on the conformal manifold after
regularization of the UV divergences
∇μhϕi1ðx1Þ   ϕinðxnÞi
¼
Z
d4xOμðxÞϕi1ðx1Þ   ϕinðxnÞ

renormalized
: ð1:1Þ
Oμ is the exactly marginal operator corresponding to the
coupling λμ. The connection ∇ can be used to formulate
covariant statements about the coupling constant depend-
ence of local correlation functions on the superconformal
manifold M.
Alternatively, a natural connection arises in radial
quantization as the Pancharatnam-Berry connection [3–5]
on the vector bundle of Hilbert spaces. This connection,
which has a specific counterpart in conformal perturbation
theory [6], will play a key rôle in the discussion of this
paper. We will review the specifics of the Berry connection
that we need in Sec. II. Because of the operator-state
correspondence, we will use interchangeably the language
of operators and states.
The connection that we will employ is, by construction,
metric-compatible. The notion of a metric on the vector
bundle of operators arises naturally from the 2-point
functions of the CFT. More explicitly, the 2-point function
of two conformal primary operators ϕI , ϕJ with the same
scaling dimension Δ is
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hϕIðxÞϕJð0Þi ¼
gIJ
jxj2Δ ð1:2Þ
and metric-compatibility means ∇μgIJ ¼ 0. This is a
covariant derivative with respect to the exactly marginal
coupling constants λμ (not to be confused with covariant
derivatives in spacetime). The scaling dimension Δ of
operators in short multiplets is, at least locally on the
conformal manifold, independent of the couplings λμ.
Three- and higher-point functions are more interesting as
they capture dynamical information of the theory (and not
just data related to the definition of the operators). The
3-point functions of three conformal primary operators in a
CFT, say ϕI, ϕJ, ϕK , is fixed by the spacetime-independent
constants CIJK
hϕIðx1ÞϕJðx2ÞϕKðx3Þi
¼ CIJKjx12jΔIþΔJ−ΔK jx13jΔIþΔK−ΔJ jx23jΔJþΔK−ΔI
: ð1:3Þ
On a superconformal manifold the coefficients CIJK are in
general nontrivial functions of the exactly marginal cou-
pling constants. There are, however, special cases of
protected operators whose 3-point functions are covariantly
constant, namely they have the property
∇μCIJK ¼ 0: ð1:4Þ
This property is what we usually call a nonrenormalization
theorem for 3-point functions.
It is useful to stress the following aspects of the covariant
formulation of such theorems:
(a) When the connection∇μ ¼ ∂μ þ Aμ is not flat, i.e., the
curvature Fμν ¼ ½∇μ;∇ν ≠ 0, operators with the same
scaling dimension undergo nontrivial mixing under
parallel transport on the conformal manifold. This
mixing enters, e.g., in computations of correlation
functions in conformal perturbation theory. However,
if a quantity like the 3-point function coefficients in
the nonrenormalization theorem (1.4) is covariantly
constant, it is guaranteed that we can find a non-
holonomic coupling-constant-dependent basis (like
the vierbein basis for tangent vectors on a curved
manifold) that undoes the mixing and makes CIJK
independent of the exactly marginal coupling con-
stants (this is what we typically have in mind when we
say nonrenormalization).
(b) When the connection ∇ is flat, there is no mixing
under parallel transport. Then, we can choose a
coupling constant-independent basis where Aμ ¼ 0
and (1.4) becomes simply ∂μCIJK ¼ 0. Clearly, a
nonrenormalization theorem combined with a flat
connection is a stronger statement.
A nonrenormalization theorem in a protected subsector
does not necessarily imply that the connection in this
subsector is flat. A well-known example of a protected
sector with nonvanishing curvature is the sector of 1=2-BPS
chiral primary operators in two-dimensional N ¼ ð4; 4Þ
superconformal manifolds [7–9]. We will review some of
the pertinent details of this example in subsection II C.
Nevertheless, nonrenormalization does not come without
any implications to the curvature. In subsection II C, we
argue quite generally that the existence of a nonrenorm-
alization theorem for 3-point functions implies the inte-
grability condition
½∇μ;∇νCMKL ¼ 0 ⇔ ðFμνÞSKCMSL þ ðFμνÞSLCMKS
− ðFμνÞMS CSKL ¼ 0; ð1:5Þ
which can lead to nontrivial relations between the curvature
and 3-point function coefficients at different scaling
dimensions if the curvature is nonvanishing. A similar
relation is satisfied with arbitrary covariant derivatives of
the curvature. In the example of chiral primary operators in
two-dimensional N ¼ ð4; 4Þ superconformal manifolds,
the covariant derivative of the curvature vanishes; hence,
(1.5) is the only relation of this type that follows from (1.4).
Another well studied example of protected operators,
whose 2- and 3-point functions do not renormalize, is the
example of 1=2-BPS operators in four-dimensional N ¼ 4
SYM theory. Initial indications of nonrenormalization in
this case based on the AdS=CFT correspondence appeared
in [10]. More concrete arguments in favor of nonrenorm-
alization were given in [11,12] and later with more
elementary methods in [9,13]. In this case, the connection
on theN ¼ 4 SYM conformal manifold is flat [14,15]. The
proof of this statement reveals interesting structures in the
chiral ring of the 1=2-BPS operators and demonstrates why
studies of the geometry of the bundles of operators on
conformal manifolds can be useful even in cases with
constrained dynamics characterized by nonrenormalization
theorems. The vanishing curvature was deduced in [14,15]
by combining three elements: the tt equations, the non-
renormalization of 3-point functions, and a nontrivial
identity between 2- and 3-point functions at tree level.
Let us quickly recall the main points of this argument.
Reference [14] originally determined the curvature of
1=2-BPS chiral rings in four-dimensionalN ¼ 2 andN ¼
4 theories in conformal perturbation theory and found it to
be given solely in terms of the 2- and 3-point functions in
the chiral ring. This result was re-derived in quantum
mechanics from standard formulae of Berry curvature in
[6]. The resulting expressions are known as the tt
equations (because of their resemblance to analogous
equations derived in the original work on topological-
antitopological fusion in two-dimensional N ¼ ð2; 2Þ
topologically twisted QFTs by Cecotti and Vafa [16]). In
N ¼ 4 SYM theory that has a complex one-dimensional
conformal manifold M parametrized by the complexified
Yang-Mills coupling τ ¼ θ
2π þ 4πig2YM, the tt
 equations read
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ðFττÞLK ¼ ½∇τ;∇τLK ¼ 0; ðFτ¯ τ¯ÞLK ¼ ½∇τ¯;∇τ¯LK ¼ 0;
ð1:6aÞ
ðFττ¯ÞLK ¼ ½∇τ;∇τ¯LK ¼ −½Cτ; C¯τ¯LK þ gττ¯δLK

1þ r
4c

:
ð1:6bÞ
In the last equation, r is the common Uð1Þr charge of the
chiral primaries ϕK , ϕL, and c is the central charge of the
SCFT, which is a constant on M. gττ¯ is up to an overall
constant coefficient the Zamolodchikov metric onM. The
first couple of equations, (1.6a), are simply the statement
that the 1=2-BPS chiral primary bundles are holomorphic.
This statement is trivial by antisymmetry in N ¼ 4 SYM
theory (but is less trivial in four-dimensional N ¼ 2
theories with higher-dimensional conformal manifolds).
In N ¼ 4 SYM theory, even Fττ¯ vanishes,1 although this
is not automatically evident in (1.6b). Nonrenormalization
can be used to derive this statement from the tt equations
in the following way.
The nonrenormalization of 3-point functions in the
1=2-BPS chiral ring of N ¼ 4 SYM theory states that
∇τCIJK ¼ 0; ∇τ¯CIJK ¼ 0; ð1:7Þ
where the I, J, K indices refer to 1=2-BPS chiral primary
operators. Then, acting with a covariant derivative on
(1.6b) we obtain, after implementing (1.7), the equations
∇τFττ¯ ¼ ∇τ¯Fττ¯ ¼ 0, which establish that the curvature is
covariantly constant [14]. By showing that the rhs of
Eq. (1.6b) is zero at tree level, [15], one proves that the
curvature of 1=2-BPS chiral primary bundles vanishes in
N ¼ 4 SYM theory.
In Appendix C, we will present a much faster way to
show that the curvature of 1=2-BPS chiral primary bundles
vanishes by using some of the special properties of N ¼ 4
SYM theory. This alternative proof does not go though the
tt Eq. (1.6b), the nonrenormalization theorem, or the tree-
level identities of [15] (see (1.8) below). Having said this, it
is instructive to turn part of the above argument around.
Assume we know the tt equations and that the curvature
vanishes in the chiral ring. Then, from the rhs of Eq. (1.6b),
we deduce the following equation that relates 2- and
3-point functions in the 1=2-BPS chiral ring of N ¼ 4
SYM theory
½Cτ; Cτ¯LK ¼ gττ¯δLK

1þ r
4c

; ð1:8Þ
or even more explicitly
CPτKgPQ¯C
Q¯
τ¯ R¯g
R¯L − gKN¯CN¯τ¯ U¯g
U¯VCLτV ¼ gττ¯δLK

1þ r
4c

:
ð1:9Þ
In Ref. [15], (1.8) was proved independently at tree level
and then was argued to hold at all values of the coupling
because of the nonrenormalization theorem. Instead, (1.8)
is deduced here from the vanishing curvature [i.e., the
vanishing of the lhs of Eq. (1.6b)]. Equation (1.8) is a
nontrivial identity between correlation functions. Although,
at the end, the 2- and 3-point functions in (1.9) can be
determined by conceptually trivial Wick contraction com-
putations in free theory, these contractions can be combi-
natorially very complicated (see [18] for related
discussions).2 The identity (1.8) streamlines these compu-
tations and in some cases, e.g., in SUð2Þ N ¼ 4 SYM
theory, it gives the full expression of 2- and 3-point
functions of chiral primaries at arbitrary scaling dimension
in a few lines. In fact, as was pointed out in [19] the
underlying structure behind Eq. (1.8) is a Heisenberg
algebra. We refer the reader to [19] for further details.
The above example demonstrates how a simple geo-
metric statement on the curvature of a subbundle on the
conformal manifold translates to nontrivial relations
between correlation functions. This is one of the reasons
why we want to study such geometric data more generally
on superconformal manifolds, even in cases where non-
renormalization properties put a tight constraint on the
dynamics.
B. Nonrenormalization theorems in N = 2 SCFTs
Other well known protected sectors whose 2- and 3-point
functions do not renormalize are the Schur operators in
four-dimensional N ¼ 2 SCFTs. For the reasons outlined
above, we would like to know the specific features of the
corresponding operator bundles. In Sec. III, we will
determine the curvature of Higgs-branch superconformal
primaries on four-dimensional N ¼ 2 superconformal
manifolds. As we review in a moment, the Higgs-branch
superconformal primaries are a special case of Schur
operators. They are the only operators in the Schur class
that are superconformal primaries.
In the rest of this subsection, we summarize some of the
defining features of the Schur operators.1In general, four-dimensionalN ¼ 2 SCFTs the holomorphic-
antiholomorphic components of the curvature, Fij¯, of the
corresponding Coulomb-branch chiral primaries are nontrivial
functions of the exactly marginal couplings. They can be
determined analytically via the equations using supersymmetric
localization techniques [17].
2One can also derive the general 2- and 3-point functions of
1=2-BPS chiral primaries in N ¼ 4 SYM theory from suitable
derivatives of the S4 partition function using supersymmetric
localization [17].
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1. N = 2 SCFTs: Schur operators
The N ¼ 2 superconformal algebra in four dimensions
has an SUð2ÞR ×Uð1Þr symmetry. The superconformal
primary operators belong in representations of SUð2ÞR and
are labelled by two half-integers ðR;mÞ, where R ∈ 1
2
Zþ
and m ¼ −R;…; R. They are also labeled by the Uð1Þr
charge r.
The complete list of short multiplets of the N ¼ 2
superconformal algebra can be found in [20,21]. The list
includes the Schur operators, which obey the shortening
conditions
Δ ¼ 2Rþ 1
2
ðjþ j¯Þ; r ¼ j − j¯: ð1:10Þ
j, j¯ are, respectively, the spins of the two spacetime
SUð2Þ s in the Lorentz group SOð4Þ≃SUð2ÞL×SUð2ÞR.
Following the conventions of [21] both j, j¯ are positive
integers here. The Schur operators are 1=2-BPS and belong
to the superconformal multiplets
B1B¯1½j¼0; j¯¼0ðR;r¼0ÞΔ¼2R ; B1A¯1½j¼0; j¯≥1ðR;r¼−2−j¯ÞΔ¼1þ2Rþ1
2
j¯
;
B¯1A1½j≥1; j¯¼0ðR;r¼2þjÞΔ¼1þ2Rþ1
2
j
; A1A¯1½j≥1; j¯≥1ðR;r¼j−j¯ÞΔ¼2þ2Rþ1
2
ðjþj¯Þ
ð1:11Þ
in the notation of [21].3 The Schur operators in B1B¯1 are the
Higgs-branch superconformal primaries. Their vacuum
expectation value parametrizes the Higgs branch vacua
of the theory, where the Uð1Þr is unbroken but the SUð2ÞR
R-symmetry is spontaneously broken.4 These operators are
superconformal primaries and will play a protagonistic rôle
in the computations of Sec. III below. We will not consider
extensively the rest of the Schur operators, which are
conformal primaries but superconformal descendants. We
anticipate that the arguments of Sec. III can be suitably
modified to include the more general Schur operators, but
we will not undertake this task in the present paper.
Repeating the logic in [9] the authors of [22] argued that
in a general four-dimensional N ¼ 2 SCFT with exactly
marginal couplings ðλi; λ¯iÞ ði ¼ 1;…; dimCMÞ the 3-point
functions CIJK of any triplet of Schur operators (including
the Higgs-branch superconformal primaries) satisfy the
nonrenormalization conditions
∇λiCIJK ¼ 0; ∇λ¯iCIJK ¼ 0: ð1:12Þ
We remind the reader that the Schur operators are in the
cohomology of a certain nilpotent supercharge, which was
constructed in [22]. The cohomological construction in [22]
leads to a direct relation with a two-dimensional chiral
algebra that can be used to compute correlation functions of
the Schur operators. The nonrenormalization theorem
(1.12) plays a central rôle in this two-dimensional/four-
dimensional correspondence since the two-dimensional
chiral algebras are rigid structures, which are believed to
be independent from the exactly marginal couplings of the
corresponding four-dimensional theories.5 In this context, it
is of interest to know the curvature of the Schur bundles,
which determines whether the CIJK are just covariantly
constant or (as a stronger statement) constant in a coupling-
constant-independent basis.
C. Outline of the paper
There are two equivalent ways to evaluate curvatures on
a conformal manifold. One approach, based on conformal
perturbation theory (see [14] and the original references
therein), is naturally formulated in the language of local
operators. Another approach, which is based on the
operator-state correspondence, formulates the connection
on the conformal manifold as a Berry connection. In this
paper, we will adopt the second approach following a
prescription previously developed and successfully tested
in [6]. The necessary elements of this computation are set
up in Sec. II.
As we hinted in the Introduction, there can be an
interesting interplay between the curvatures of protected
operators/states and nonrenormalization theorems. In
subsection II C, we discuss a simple integrability condition
on the curvature that follows from the nonrenormalization
of 3-point functions and we exhibit how it works in the
nontrivial case of 1=2-BPS operators in two-dimensional
N ¼ ð4; 4Þ SCFTs.
The main computation of the paper is presented in
Sec. III. We compute the Berry curvature of Higgs-branch
superconformal primary bundles in N ¼ 2 SCFTs and
show that it vanishes. Unlike the case of 1=2-BPS operators
inN ¼ 4 SYM theory, here there are no indications that the
vanishing curvature relies on a set of nontrivial identities
between tree-level 2- and 3-point functions.
In Sec. IV, we discuss a few interesting open problems
highlighting the case of 1=4-BPS operators inN ¼ 4 SYM
theory.
A summary of conventions and useful technical details is
relegated to two Appendices at the end of the paper. In a
3In the notation of [20], the corresponding superconformal
multiplets are BˆR, DRð0;1
2
j¯Þ, D¯Rð1
2
j;0Þ, CˆRð1
2
j;1
2
j¯Þ.
4The N ¼ 2 SCFTs also possess another 1=2-BPS sector, the
sector of the Coulomb-branch chiral primaries, which was
mentioned in passing in footnote 1. These are scalar super-
conformal primaries obeying the shortening condition Δ ¼ jrj
2
.
They have vanishing SUð2ÞR charge, R ¼ 0, and their vacuum
expectation value parametrizes the vacua of the Coulomb branch
of the theory.
5The independence of the chiral algebra structures from the
exactly marginal couplings can be subtle as a global statement on
the conformal manifold. In the present work, nonrenormalization
theorems and other related statements are formulated primarily as
statements in local patches of the conformal manifold.
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third Appendix, C, we present a new simpler proof of the
vanishing curvature of 1=2-BPS chiral primaries that does
not involve the tt equations or the nonrenormalization
theorem.
II. BERRY PHASES AND
NONRENORMALIZATION THEOREMS
In the Introduction, we emphasized the fact that the most
appropriate way to think about CFT operators on a
conformal manifold is in terms of sections of vector
bundles. Conformal perturbation theory naturally induces
a connection ∇ on these vector bundles, which encodes the
regularization scheme of correlation functions with inser-
tions of spacetime-integrated exactly marginal operators.
Another route to a connection∇ on conformal manifolds
is through the operator-state correspondence. In the lan-
guage of states, we consider vector bundles of Hilbert
spaces overM. In the quantum mechanics that arises when
one places the CFT on R × S3, one can define the
Pancharatnam-Berry connection [3,4]. This connection
encodes the geometric phase that quantum states pick up
under an adiabatic cyclic variation of the parameters in the
conformal Hamiltonian. Reference [6] showed that the
curvature of the Berry connection associated to the varia-
tion of the exactly marginal couplings is identical to the
curvature of the connection that was used in [14] in
conformal perturbation theory. In the rest of the paper,
we will adopt the Hamiltonian approach in radial quanti-
zation and will work primarily with the corresponding
Berry connection. In the next subsection, we summarize the
relevant notation.
A. Berry phases in radial quantization
Quite generally, consider a quantum mechanics system
with HamiltonianH depending on a set of parameters λμ. In
this paper, the quantum mechanics of interest arises from a
CFT in radial quantization on R × S3. H is a suitable
transformation of the dilatation operator called the con-
formal Hamiltonian and λμ are exactly marginal couplings.
In an arbitrary subspace of the Hilbert space of states with
energy ð¼ scaling dimensionÞEnðλÞ and degeneracy dn, let
us choose a basis of degenerate eigenstates jn; aiλ, where
a ¼ 1;…; dn. We assume that, at least locally on the
conformal manifold, there are no level crossings so that
dn is independent of λ. The Berry connection and curvature
in this subspace are, respectively, [4]
ðAðnÞμ Þab ¼ hn; bj∂μjn; ai; ð2:1Þ
ðFðnÞμν Þab ¼ ∂μðAðnÞν Þab − ∂νðAðnÞμ Þab − ½AðnÞμ ; AðnÞν ab:
ð2:2Þ
We raise and lower the Hilbert space indices a, b with the
2-point functions
gðnÞabðλÞ ¼ λhn; ajn; biλ: ð2:3Þ
A standard formula in quantum mechanics expresses the
Berry curvature as an infinite sum over all intermediate
states with energies different from the energy of the
external states
ðFðnÞμν Þab ¼
X
m≠n
X
c;d
1
ðEn − EmÞ2
hn; bj∂μHjm; cigcdðnÞ
× hm; dj∂νHjn; ai − ðμ↔ νÞ: ð2:4Þ
The primary goal of this paper is to evaluate the
expression (2.4) in N ¼ 2 SCFTs with 1=2-BPS Higgs-
branch superconformal primaries as external states. For
Coulomb branch chiral primaries in N ¼ 2 SCFTs and
1=2-BPS chiral primaries in N ¼ 4 SYM theories this
computation was performed in [6]. We revisit the compu-
tation of 1=2-BPS chiral primaries in N ¼ 4 SYM theory
in Appendix C. Throughout this paper, we work primarily
in a local patch of the conformal manifold setting aside
features associated with the global structure of the state/
operator bundles on the conformal manifold.
B. Berry phases of R-symmetry descendants
The superconformal primaries, whose Berry phase we
will be computing in this paper, belong in some represen-
tation of the R-symmetry group of the theory. In N ¼ 2
theories, this group is SUð2ÞR ×Uð1Þr. In what follows, we
will focus on irreducible representations of the R-symmetry
group. A convenient way to construct irreducible repre-
sentations is to act on a highest weight state with lowering
operators in the Chevalley basis. Two different states in the
same irreducible representation are characterized by differ-
ent weights and cannot mix under adiabatic cycles in
parameter space. Hence, they cannot exhibit nontrivial
non-Abelian Berry mixing.
Moreover, since different superconformal primaries in an
irreducible representation of the R-symmetry group are
related by a global symmetry, it is expected that all the
descendants of a highest weight state have the same Berry
phase. As a check, we will verify this statement by explicit
computation in subsection III C.
C. Implications of covariantly
constant 3-point functions
Let us consider a vector bundle V of operators (or states)
on a conformal manifold M. In this subsection, the
sections of this bundle are protected operators (or states)
in short supermultiplets whose scaling dimension does not
vary on the conformal manifold. We will use indices
K;L;… to label the operators/states in this sector, or
equivalently the different directions on the fiber of this
vector bundle. As in the previous subsection II A, we work
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on a local patch of M parametrized by exactly marginal
couplings λμ.
We further assume that the bundles in question are
endowed with a connection ∇, a metric g and an operation
C∶ V ⊗ V → V. In a local coordinate system, the compo-
nents of g are denoted as gIJ and the components of C as
CMKL. In this paper, ∇ is the Berry connection on the states
that make up V, gIJ ¼ hIjJi is the inner product of these
states, and CMKL are OPE coefficients in the CFT.
By construction ∇ is assumed to be compatible with the
metric g, i.e., ∇μgIJ ¼ 0. In addition, we assume
∇μCMKL ¼ 0; ð2:5Þ
which is a nonrenormalization theorem of 3-point functions
in the protected subsector of interest.
From Eq. (2.5) alone, we obtain the following integra-
bility conditions:
½∇μ;∇νCMKL ¼ 0 ⇔ ðFμνÞSKCMSL þ ðFμνÞSLCMKS
− ðFμνÞMS CSKL ¼ 0: ð2:6Þ
A more special version of this identity for K ¼ L reads (no
summation over K is assumed)
ðFμνÞSKCMKS ¼
1
2
ðFμνÞMUCUKK; ð2:7Þ
where we used CMKS ¼ CMSK . It follows trivially that
an arbitrary number of covariant derivatives of F also
obeys Eq. (2.6).
In our context, the states on V are naturally graded by an
R-symmetry charge and the OPE coefficients C always
relate states of different R-charges. Consequently, the
components of the curvature that appear in (2.6), or
(2.7), are always in subspaces of V with at least two
different values of R-charge.
Without further input, the integrability equations (2.6) do
not have a unique solution. The simplest solution is the
trivial one,
ðFμνÞLK ¼ 0; ð2:8Þ
but not every theory satisfies (2.6) in this manner. As
we reviewed in the Introduction, (2.8) is what happens
for 1=2-BPS Coulomb-branch chiral primaries in N ¼ 4
SYM theory.
Another potential solution, which like (2.8) does not
involve further constraints on the OPE coefficients, is
ðFμνÞLK ¼ RKδLKgμν ð2:9Þ
with the proviso that the constant coefficients RK are such
that
RK þRL ¼ RM ð2:10Þ
when CMKL ≠ 0. This requirement could be satisfied, e.g., if
RK are proportional (with a fixed proportionality constant)
to an R-symmetry charge that grades the operators/states of
interest additively. Notice that (2.9), being proportional to
the Zamolodchikov metric on M, obeys automatically
∇F ¼ 0, i.e., the curvature is covariantly constant. As a
result, the curvature satisfies trivially the higher-derivative
versions of (2.6). We are not aware of a CFT that
realizes (2.9).
Yet another more involved type of solution occurs in
the case of CFTs with homogeneous operator bundles,
namely bundles of covariantly constant curvature on
homogeneous conformal manifolds. It is known that the
connection on homogeneous bundles is fully determined by
the connection of the base space [23]. An example of this
type is exhibited by 1=2-BPS chiral primary bundles in
two-dimensional N ¼ ð4; 4Þ superconformal manifolds.
A detailed discussion of this case with explicit formulae
for the curvature can be found in [8]. In that example, the
conformal manifold is a coset space of the form
SOð4; nÞ
SOð4Þ × SOðnÞ : ð2:11Þ
In a vielbein basis, where the coordinates of the tangent
space are labeled by μ ¼ ða; IÞ, with a and I indices in the
vector representation of SOð4Þ and SOðnÞ, respectively, the
curvature of the chiral primary bundles in a representation
R of SOðnÞ takes the form
ðFμνÞLK ¼ −fδabðΣRIJÞLK ð2:12Þ
for μ ¼ ða; IÞ, ν ¼ ðb; JÞ. f is a numerical constant and ΣRIJ
a matrix in the representation R. Inserting (2.12) into the
integrability equation (2.7), we obtain
ðΣRIJÞSKCMKS ¼
1
2
ðΣR0IJÞMUCUKK: ð2:13Þ
The lhs involves the representationR that contains the state
labeled by K and the rhs involves the representationR0 that
contains the state labeled by M, which is in the tensor
product of R ×R. It would be interesting to study the
relations (2.13) in more detail.
III. CURVATURE OF HIGGS-BRANCH
SUPERCONFORMAL PRIMARY BUNDLES
In this section, we focus on four-dimensional N ¼ 2
SCFTs. A large class of such theories with nontrivial
superconformal manifolds is provided by the class-S
construction in [24]. In what follows, we compute the
Berry phase of Higgs-branch superconformal primary
bundles in general N ¼ 2 SCFTs.
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A. Higgs-branch superconformal primaries
The N ¼ 2 superconformal algebra possesses eight
Poincare´ supercharges Qiα, Q¯i _α and their superconformal
partners Sαi , S¯
i _α. The indices i ¼ 1, 2 are SUð2ÞR indices
and the indices α, _α ¼  are spacetime spinor indices. We
will follow closely the conventions in Ref. [20], which are
also summarized in Appendix D.3 of [6]. For the conven-
ience of the reader we have also collected the main
definitions in Appendix A. In these conventions, after a
suitable similarity transformation the odd superconformal
generators are denoted as
Qþiα ; Q−αi ; S
−i _α; Sþi _α: ð3:1Þ
The kets jIi of SUð2ÞR highest weight Higgs-branch
superconformal primary states obey the following short-
ening conditions
Qþ1α jIi; Q−αi jIi ¼ 0; Sþ2_αjIi ¼ 0;
S−i _αjIi ¼ 0; ði ¼ 1; 2Þ ð3:2Þ
from which one can also deduce
ðH − 2RÞjIi ¼ 0: ð3:3Þ
H is the conformal Hamiltonian and R the eigenvalue of the
R3 Cartan generator of the SUð2ÞR. For the bras hI¯j the
corresponding conditions are
hI¯jQ−α1 ¼ 0; hI¯jQþiα ¼ 0; hI¯jS−2_α ¼ 0;
hI¯jSþi _α ¼ 0; ði ¼ 1; 2Þ: ð3:4Þ
In this notation the 2-point functions are gIJ¯ ¼ hJ¯jIi. We
introduced a bar in the notation of the bras to remind us that
the corresponding operators are lowest weight vectors in
the SUð2ÞR representation.
B. Berry curvature of R-symmetry highest weight states
Our goal here is to evaluate the Berry curvature
ðFμνÞIJ¯ ¼
X
n∉HI
X
a;b¯∈Hn
1
ðΔI − ΔnÞ2
hJ¯j∂μHjn; aigb¯aðnÞ
× hn; b¯j∂νHjIi − ðμ↔ νÞ ð3:5Þ
for the Higgs-branch superconformal primary states (3.2),
(3.4). The first task is to find a suitable expression for the
Hamiltonian deformations parametrized by the exactly
marginal couplings. In [6], the N ¼ 2 exactly marginal
deformations were expressed in the form
δH ¼ δλ
k
ð2πÞ2 ðS
−Þ4 ·
Z
S3
ϕk þ
δλ¯l
ð2πÞ2 ðS
þÞ4 ·
Z
S3
ϕ¯l; ð3:6Þ
where ϕk are (Coulomb-branch) N ¼ 2 chiral primaries
with Uð1ÞR charge 4 and the notation ðSÞ4· denotes the
action of a nested (anti)commutator of the superconformal
generators.
R
S3 is shorthand notation for integrals on S
3 at
fixed (Euclidean) time τ ¼ 0. This expression worked very
efficiently in the computation of the Berry curvature in the
N ¼ 2 Coulomb-branch chiral ring [6]. Direct computa-
tion shows, however, that when applied to the Higgs-branch
sector this approach leads to expressions that are much
harder to manipulate. Essentially, because of the defining
properties of the Higgs-branch superconformal primary
states (3.2), (3.4) we cannot achieve the complete annihi-
lation of the external states by the supercharges S that
appear in (3.6). As a result, the steps that allow us to move
S around in the computation of the Berry curvature in the
N ¼ 2 Coulomb-branch chiral ring do not work as nicely
in the Higgs-branch context. We need a more efficient
approach.
In Appendix B, we explain that there is an equivalent
alternative way to write δH, where two of the S−’s on the
first term on the rhs of (3.6) are replaced by two Qþ’s and
two of the Sþ’s on the second term are replaced by two
Q−’s. Specifically, we re-express (3.6) as
δH ¼ δλ
k
ð2πÞ2 ðQ
þ1Þ2ðS−2Þ2 ·
Z
S3
ϕk
þ δλ¯
l
ð2πÞ2 ðQ
−
1 Þ2ðSþ2 Þ2 ·
Z
S3
ϕ¯l: ð3:7Þ
As a check of this formula, we notice that both interactions
on the rhs of (3.7) areUð1Þr and SUð2ÞR neutral. Moreover,
the order of the acting supercharges in each term does not
matter because the Qþ’s commute with the S−’s and the
Q−’s commute with the Sþ’s.
1. Summary of the final result
Inserting (3.7) into the general expression (3.5), regu-
larizing and appropriately manipulating with the use of
superconformal Ward identities we finally obtain the
following result
ðFklÞIJ¯ ¼ 0; ðFk¯ l¯ÞIJ¯ ¼ 0; ð3:8aÞ
ðFkl¯ÞIJ¯ ¼
X
ΔA¼2RI
rA¼−4;RA¼RI
CkAJ¯g
B¯AC¯
B l¯ I −
X
ΔA¼2RI
rA¼4;RA¼RI
C¯
J l¯Ag
B¯ACkIB¯:
ð3:8bÞ
The details of the computation that leads to these formulae
are presented separately in the following subsection III B 2.
In the rest of this subsection, we would like to discuss the
immediate implications of (3.8a), (3.8b).
The first two equations in (3.8a) verify that the Higgs-
branch superconformal primary bundles are holomorphic.
Equation (3.8b) expresses the remaining components of the
curvature in terms of 2- and 3-point functions in a form that
resembles the ½C; C¯ term in the equations that express
the Coulomb-branch result [14] (compare with the rhs of
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Eq. (1.6b) for the corresponding terms in N ¼ 4 SYM
theory). There are, however, several important differences
between the Higgs-branch and the Coulomb-branch results.
First, we note that there is no term on the rhs of (3.8b)
proportional to the Zamolodchikov metric (i.e., a term like
the last term on the rhs of (1.6b)).
Second, the 3-point functions that appear in (3.8b)
involve operators/states from three different superconfor-
mal multiplets: (i) the Coulomb-branch chiral primaries
with Uð1Þr charge r ¼ 4 that are responsible for the
exactly marginal deformations in (3.7), (ii) the external
Higgs-branch superconformal primaries whose Berry cur-
vature we are computing, and (iii) degenerate intermediate
states jAi, jBi with Uð1Þr charges r ¼∓ 4 and the same
scaling dimension and SUð2ÞR charge as the external
Higgs-branch superconformal primaries. A thorough
examination of the quantum numbers of states in all
possible superconformal multiplets of the N ¼ 2 super-
conformal algebra [20,21] reveals that the only states with
the above-prescribed selection rules are scalar ðSþ2 Þ2
descendants of superconformal primaries in B1L¯½j ¼
0; j¯ ¼ 0ðR¼RI−1;r¼−4ÞΔ¼2Rþ2 for the first term on the rhs of
(3.8b) and scalar ðQþ1Þ2 descendants of superconformal
primaries LB¯1½j ¼ 0; j¯ ¼ 0ðR¼R−1;r¼4ÞΔ¼2Rþ2 for the second
term.6 The superconformal primary states in B1L¯ and
LB¯1 are 1=4-BPS mixed Higgs-Coulomb-branch states.
The corresponding operators appear naturally in the OPE of
Coulomb-branch and Higgs-branch primary states [25]. In
parentheses, we note that operators in the superconformal
multiplets B1L¯, LB¯1 can also appear in the OPE of two
Coulomb-branch operators [26].
The contributions to the first term on the rhs of Eq. (3.8b)
involve the 3-point functions
CkAJ¯ ¼ hJ¯jðSþ2 Þ2 ·Ajki; ð3:9Þ
which clearly vanish since Sþ2_αjki ¼ 0, hJ¯jSþ2_α ¼ 0. jki is
the state created by the Coulomb-branch chiral primary
operator ϕk. Similarly, the second term on the rhs of (3.8b)
involves the 3-point functions
C¯
J l¯A ¼ hJ¯jðQþ1Þ2 ·Ajl¯i; ð3:10Þ
which vanish because Qþ1α jl¯i ¼ 0, hJ¯jQþ1α ¼ 0. jl¯i is the
state created by the Coulomb-branch antichiral primary
operator ϕ¯l. We can argue the same results on R4 using
corresponding superconformal Ward identities.
The conclusion is that both terms on the rhs of Eq. (3.8b)
vanish automatically, and therefore ðFkl¯ÞIJ¯ ¼ 0 identically
in this case. This proves that all the components of the
Berry curvature vanish identically on an N ¼ 2 super-
conformal manifold in the case of the Higgs-branch
operators,
ðFμνÞIJ¯ ¼ 0: ð3:11Þ
Hence, for Higgs-branch superconformal primaries there
is (at least locally on the superconformal manifold) a
coupling-constant-independent basis whether the nonre-
normalization theorem of 3-point functions takes the
form ∂μCKLM ¼ 0.
Unlike the case of the 1=2-BPS chiral primary operators
in N ¼ 4 SYM theory, there is no immediate evidence in
the above result that the vanishing curvature of the Higgs-
branch superconformal primaries is related to a structure of
nontrivial identities between correlation functions.
We anticipate similar arguments to apply to the more
general Schur operators, but we will not examine their case
in detail in this paper.
2. Details of the computation
The details of the computation that leads to the central
result (3.8a)–(3.8b) are summarized here.
Starting from the case where both indices μ, ν are
holomorphic (μ ¼ k, ν ¼ l) we first notice that it is
convenient to re-express the corresponding curvature com-
ponents as a limit on an auxiliary parameter x7
ðFklÞIJ¯ ¼ limx→0ðF˜klÞIJ¯; ð3:12Þ
where
ðF˜klÞIJ¯ ≔
1
ð2πÞ4 hJ¯jðQ
þ1Þ2ðS−2Þ2
·
Z
S3
ϕkðH − 2R11 − xÞ−1ðH þ 2R22 − xÞ−1
× ðQþ1Þ2ðS−2Þ2 ·
Z
S3
ϕljIi − ðk↔ lÞ: ð3:13Þ
Rij denotes different SUð2ÞR ×Uð1Þr generators (see
Appendix A for the relevant conventions as well as
[20]8). In particular,
R11 ¼ R −
r
4
; R22 ¼ −R −
r
4
: ð3:14Þ
To keep the notation short, from now on we set
H1 ≔ H − 2R11 ¼ H − 2Rþ
r
2
;
H2 ≔ H þ 2R22 ¼ H − 2R −
r
2
: ð3:15Þ
6In the notation of [20], the B1L¯½j ¼ 0; j¯ ¼ 0ðR;rÞΔ , LB¯1½j ¼
0; j¯ ¼ 0ðR;rÞΔ states are, respectively, the BR;−r2ð0;0Þ, B¯R;−r2ð0;0Þ
states.
7A similar manipulation was extremely useful also in the
computation of the Berry curvature of Coulomb branch chiral
primary states in [6]. Several details of the manipulation here are
different from the ones in [6].
8Rˆ in [20] is −r=2 in our notation.
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For the next step we use the shortening conditions on the
external states and the superconformal algebra relations
½H1;S−2 ¼ 0; ½H2;S−2 ¼ S−2 ð3:16Þ
to obtain
hJ¯jfS−2;ΛgðH1 − xÞ−1ðH2 − xÞ−1ðQþ1Þ2ðS−2Þ2 ·
Z
S3
ϕljIi
¼ hJ¯jΛS−2ðH1 − xÞ−1ðH2 − xÞ−1ðQþ1Þ2ðS−2Þ2 ·
Z
S3
ϕljIi
¼ hJ¯jΛðH1 − xÞ−1ðH2 − 1 − xÞ−1S−2
×

ðQþ1Þ2ðS−2Þ2 ·
Z
S3
ϕl

jIi ¼ 0: ð3:17Þ
In these expressions, we suppressed the spinor indices
and defined the fermionic operator Λ so that fS−2;Λg ¼
ðQþ1Þ2ðS−2Þ2 · RS3 ϕk. In this manner, we conclude that
ðF˜klÞIJ¯ ¼ 0. A similar result holds for the complex con-
jugate version with μ ¼ k¯, ν ¼ l¯. As a result, we derive the
holomorphicity conditions (3.8a)
ðFklÞIJ¯ ¼ 0; ðFk¯ l¯ÞIJ¯ ¼ 0: ð3:18Þ
Next, we compute the holomorphic-antiholomorphic
components
ðFkl¯ÞIJ¯ ¼ limx→0ðF˜kl¯ÞIJ¯; ð3:19Þ
where
ðF˜kl¯ÞIJ¯ ≔
1
ð2πÞ4 hJ¯jðQ
þ1Þ2ðS−2Þ2 ·
Z
S3
ϕkðH1 − xÞ−1ðH2 − xÞ−1ðQ−1 Þ2ðSþ2 Þ2 ·
Z
S3
ϕ¯ljIi
−
1
ð2πÞ4 hJ¯jðQ
−
1 Þ2ðSþ2 Þ2 ·
Z
S3
ϕ¯lðH1 − xÞ−1ðH2 − xÞ−1ðQþ1Þ2ðS−2Þ2 ·
Z
S3
ϕkjIi: ð3:20Þ
Consider each line in (3.20). We notice that we can move ðQþ1Þ2, ðS−2Þ2, ðQ−1 Þ2, ðSþ2 Þ2 across H − 2R with appropriate
shifts. For the first line, since Sþ2_αjIi ¼ 0,Q−α1 jIi ¼ 0, hJ¯jS−2_α ¼ 0, hJ¯jQþ1α ¼ 0 we can move ðSþ2 Þ2 to the left and ðQþ1Þ2
to the right to obtain
hJ¯jðQþ1Þ2ðS−2Þ2 ·
Z
S3
ϕkðH1 − xÞ−1ðH2 − xÞ−1ðQ−1 Þ2ðSþ2 Þ2 ·
Z
S3
ϕ¯ljIi
¼ hJ¯j
Z
S3
ϕk½ðQþ1Þ2ðS−2Þ2ðH1 − xÞ−1ðH2 − xÞ−1ðQ−1 Þ2ðSþ2 Þ2
Z
S3
ϕ¯ljIi
¼ hJ¯j
Z
S3
ϕk½ðS−2Þ2ðSþ2 Þ2ðH1 þ 2 − xÞ−1ðH2 − 2 − xÞ−1ðQþ1Þ2ðQ−1 Þ2
Z
S3
ϕ¯ljIi
¼ hJ¯j
Z
S3
ϕk½ðS−2Þ2; ðSþ2 Þ2ðH1 þ 2 − xÞ−1ðH2 − 2 − xÞ−1½ðQþ1Þ2; ðQ−1 Þ2
Z
S3
ϕ¯ljIi: ð3:21Þ
For the second line a similar computation gives
hJ¯jðQ−1 Þ2ðSþ2 Þ2 ·
Z
S3
ϕ¯lðH1 − xÞ−1ðH2 − xÞ−1ðQþ1Þ2ðS−2Þ2 ·
Z
S3
ϕkjIi
¼ hJ¯j
Z
S3
ϕ¯l½ðQþ1Þ2; ðQ−1 Þ2ðH1 − 2 − xÞ−1ðH2 þ 2 − xÞ−1½ðS−2Þ2; ðSþ2 Þ2
Z
S3
ϕkjIi: ð3:22Þ
Consequently, we arrive at the expression
ðF˜kl¯ÞIJ¯ ¼
1
ð2πÞ4 hJ¯j
Z
S3
ϕk
½ðS−2Þ2; ðSþ2 Þ2½ðQþ1Þ2; ðQ−1 Þ2
ðH1 þ 2 − xÞðH2 − 2 − xÞ
Z
S3
ϕ¯ljIi
−
1
ð2πÞ4 hJ¯j
Z
S3
ϕ¯l
½ðQþ1Þ2; ðQ−1 Þ2½ðS−2Þ2; ðSþ2 Þ2
ðH1 − 2 − xÞðH2 þ 2 − xÞ
Z
S3
ϕkjIi: ð3:23Þ
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A straightforward application of the (anti)commutation relations of the superconformal algebra gives9
½ðQþ1Þ2; ðQ−1 Þ2 ¼ −
4
16
εαβεγδ½ðδγαH1 þ 2M˜αγÞðQþ1β Q−δ1 −Q−δ1 Qþ1β Þ
þ 4δδβðδγαH1 þ 2M˜αγÞ; ð3:24aÞ
or
½ðQþ1Þ2; ðQ−1 Þ2 ¼ þ
4
16
εαβεγδ½ð−Qþ1β Q−δ1 þQ−δ1 Qþ1β ÞðδγαH1 þ 2M˜αγÞ
− 4δδβðδγαH1 þ 2M˜αγÞ; ð3:24bÞ
and
½ðS−2Þ2; ðSþ2 Þ2 ¼ −
4
16
ε _α _βε
_γ _δ½ðS−2_αSþ2_γ − Sþ2_γS−2_αÞðδ
_β
_δ
H2 − 2 ˜¯M
_β
_δ
Þ
− 4δ
_β
_δ
ðδ _α_γH2 − 2 ˜¯M
_β
_δ
Þ; ð3:24cÞ
or
½ðS−2Þ2; ðSþ2 Þ2 ¼ þ
4
16
ε _α _βε
_γ _δ½ðδ_β_δH2 − 2 ˜¯M
_β
_δ
Þð−S−2_αSþ2_γ þ Sþ2_γS−2_αÞ
þ 4δ _β_δðδ _α_γH2 − 2 ˜¯M
_β
_δ
Þ: ð3:24dÞ
The overall 1
16
factors are part of the conventions. The terms that involve M˜βα do not contribute in (3.23). The same holds for
terms withQþ1β on the very right and terms with S
þ
2_α on the very left in the first line of (3.23). In the second line of (3.23), a
similar statement applies to terms with Qþ1β on the very left and terms with S
þ
2_α to the very right. Hence, for our purposes,
½ðQþ1Þ2; ðQ−1 Þ2 ≃H1ðH1 þ 2Þwhen it is on the right and ½ðQþ1Þ2; ðQ−1 Þ2 ≃ −H1ðH1 − 2Þwhen it is on the left. Similarly,
½ðS−2Þ2; ðSþ2 Þ2 ≃H2ðH2 − 2Þ when it is on the left and ½ðS−2Þ2; ðSþ2 Þ2 ≃ −H2ðH2 þ 2Þ when it is on the right.
With this information Eq. (3.23) becomes
ðF˜kl¯ÞIJ¯ ¼
1
ð2πÞ4 hJ¯j
Z
S3
ϕk
H2ðH2 − 2ÞH1ðH1 þ 2Þ
ðH1 þ 2 − xÞðH2 − 2 − xÞ
Z
S3
ϕ¯ljIi
−
1
ð2πÞ4 hJ¯j
Z
S3
ϕ¯l
H1ðH1 − 2ÞH2ðH2 þ 2Þ
ðH1 − 2 − xÞðH2 þ 2 − xÞ
Z
S3
ϕkjIi: ð3:25Þ
Using the shortening conditions H1jIi ¼ 0, H2jIi ¼ 0 and the commutation relations
½H1;ϕ ¼ ð∂τ þ 2Þϕ; ½H1; ϕ¯ ¼ ð∂τ − 2Þϕ¯; ð3:26Þ
½H2;ϕ ¼ ð∂τ − 2Þϕ; ½H2; ϕ¯ ¼ ð∂τ þ 2Þϕ¯ ð3:27Þ
for Δ ¼ 2 Coulomb branch (anti)chiral primaries ϕ (ϕ¯), we find
ðF˜kl¯ÞIJ¯ ¼
1
ð2πÞ4

hJ¯j
Z
S3
ϕk
ð∂τ þ 2Þ∂τð∂τ − 2Þ∂τ
ð∂τ − xÞ2
Z
S3
ϕ¯ljIi
− hJ¯j
Z
S3
ϕ¯l
ð∂τ þ 2Þ∂τð∂τ − 2Þ∂τ
ð∂τ − xÞ2
Z
S3
ϕkjIi

: ð3:28Þ
9The generators M˜αβ and
˜¯M
_β
_α are directly related to the Lorentz generators. We refer the reader to [20] for the appropriate conventions
(see also Appendix A). Moreover, we use the conventions ε12 ¼ −ε12 ¼ −1.
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After taking the x → 0 limit
ðFkl¯ÞIJ¯ ¼ ðsubtractedÞ þ
1
ð2πÞ4

hJ¯j
Z
S3
φkð∂2τ − 4Þ
Z
S3
φ¯ljIi − hJ¯j
Z
S3
φ¯lð∂2τ − 4Þ
Z
S3
φkjIi

: ð3:29Þ
The term denoted as ‘(subtracted)’ is due to contributions in (3.25) that behave as 0=0 in the limit x → 0 and have to be
subtracted. A short inspection of (3.25) reveals that
ðsubtractedÞ ¼
X
EA¼EB¼2RI
rA¼rB¼−4;RA¼RB¼RI
CkAJ¯g
B¯AC¯
B l¯ I
−
X
EA¼EB¼2RI
rA¼rB¼4;RA¼RB¼RI
C¯
J l¯A
gB¯ACkIB¯: ð3:30Þ
That leaves the remaining, contact terms on the rhs of (3.29) that can be evaluated as follows.
The contact term in (3.29) involves the insertions of two operators integrated on S3 at the same time τ ¼ 0. When the
operators collide they exhibit UV divergences. These can be regularized with a small relative displacement in time that we
have to send to zero at the end of the computation. Following [6] we set
ðRkl¯ÞIJ¯ ≡ 1ð2πÞ4 limτ1¼−ε→0−

hJ¯j
Z
S3
ϕkðτ1Þð∂2τ2 − 4Þ
Z
S3
ϕ¯lðτ2ÞjIi
− hJ¯j
Z
S3
ϕ¯lðτ1Þð∂2τ2 − 4Þ
Z
S3
ϕkðτ2ÞjIi

τ2¼0
; ð3:31Þ
which is equal to
ðRkl¯ÞIJ¯ ¼
1
ð2πÞ4

−e2ðτ1þτ2Þ∂τ1∂τ2

e−2ðτ1þτ2ÞhJ¯j
Z
S3
ϕkðτ1Þ
Z
S3
ϕ¯lðτ2ÞjIi

þ e2ðτ1þτ2Þ∂τ1∂τ2

e−2ðτ1þτ2ÞhJ¯j
Z
S3
ϕ¯lðτ1Þ
Z
S3
ϕkðτ2ÞjIi

τ1¼−ε→0−;τ2¼0
: ð3:32Þ
It is worth comparing this expression with the properly normalized contact term (7.26) in [6]
ðRˆkl¯ÞIJ¯ ¼
1
ð2πÞ4

−e2ðτ1þτ2Þ∂τ1∂τ2

e−4τ1hJ¯j
Z
S3
ϕkðτ1Þ
Z
S3
ϕ¯lðτ2ÞjIi

þ e2ðτ1þτ2Þ∂τ1∂τ2

e−4τ2hJ¯j
Z
S3
ϕ¯lðτ1Þ
Z
S3
ϕkðτ2ÞjIi

τ1¼−ε→0−;τ2¼0
ð3:33Þ
that expresses the contact term in the curvature of the Coulomb-branch chiral primaries.
Transforming back to the plane with the change of coordinates r≡ jxj ¼ eτ1 , ρ≡ jyj ¼ eτ2 , φðτ1Þ ¼ r2φðxÞ, etc., and
using the conformal block expansion
hJ¯jϕkðxÞϕ¯lðyÞjIi ¼
1
jx − yj4
X
O
CO
kl¯
COIJ¯gΔ;lðu; vÞ ð3:34Þ
we obtain
ðRkl¯ÞIJ¯ ¼ −
X
O
CO
kl¯
COIJ¯XΔ;l ð3:35Þ
where
XΔ;l ¼ lim
r→1−
Z
jxj¼r
dΩx3
Z
jyj¼ρ¼1
dΩy3jxj2jyj2ðx · ∂xÞðy · ∂yÞ

1 − ð−1Þl
jx − yj4 gΔ;lðu; vÞ

: ð3:36Þ
Immediately we notice that
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XΔ;l¼even ¼ 0: ð3:37Þ
For odd l we have
XΔ;l ¼ 2 lim
r→1−
Z
jxj¼r
dΩx3
Z
jyj¼ρ¼1
dΩy3jxj2jyj2ðx · ∂xÞðy · ∂yÞ
×

1
jx − yj4 gΔ;lðu; vÞ

: ð3:38Þ
Using the known properties of the conformal partial waves
gΔ;lðu; vÞ, [27], we can check that there are no values of Δ,
l for which we get a contribution to (3.35). For odd l ≥ 3
XΔ;l vanishes in the limit r → 1. A potential contribution
could arise from Δ ¼ 3, l ¼ 1, namely the conformal
block of the R-symmetry currents J . In the case at hand,
however, the external Higgs-branch superconformal pri-
mary states have vanishingUð1ÞR charge and the Coulomb-
branch chiral primaries ϕk have vanishing SUð2ÞR charge;
hence, even this case cannot contribute.
In summary, we deduce that the contact term ðRkl¯ÞIJ¯ is
identically zero. Combining this result with (3.30) we
recover the advertised formula (3.8b).
C. R-symmetry descendants
As a minor check of the formalism, in this subsection, we
compute the Berry curvature for Higgs-branch supercon-
formal primary states in irreducible representations of
SUð2ÞR that are descendants of a highest weight state.
Assuming that the Berry phase of the R-symmetry gen-
erators vanishes, we should find that all descendants have
the same Berry curvature as the highest weight states.
Let jIi be a highest weight state in a spin R representa-
tion of SUð2ÞR. R is a positive half-integer. The SUð2ÞR
generators are R, R3. We denote the descendants as
jI;mi ≔ NmðR−ÞmjIi; m ¼ 1; 2;…; 2R; ð3:39Þ
where Nm is a real normalization constant that we fix in a
moment. m ¼ 0 is the case of a highest weight state that
was considered previously. It is excluded in this subsection.
For the bras, we set
hI¯;mj ≔ NmhI¯jðRþÞm ð3:40Þ
and fix the normalization factor by setting
Nm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hI¯jIi
hI¯jðRþÞmðR−ÞmjIi
s
; ð3:41Þ
which guarantees that hI¯;mjI;mi ¼ hI¯jIi. As an example,
we note that a straightforward use of the SUð2Þ commu-
tation relations gives N 1 ¼ 1ﬃﬃﬃﬃ2Rp .
We argued in Sec. II B that only states with the same m
can mix. Consequently, we can focus on the following
quantities
ðFðmÞμν ÞIJ¯ ¼
X
n∉HI
X
a;b¯∈Hn
1
ðΔI − ΔnÞ2
hJ¯;mj∂μHjn; aigb¯aðnÞ
× hn; b¯j∂νHjI;mi − ðμ↔ νÞ: ð3:42Þ
Repeating previous steps, we first compute the auxiliary
quantity
ðF˜ðmÞμν ÞIJ¯ ¼ hJ¯;mj∂μHðH1 − 2m − xÞ−1
× ðH2 − 2m − xÞ−1∂νHjI;mi − ðμ↔ νÞ
ð3:43Þ
whose x → 0 limit recovers ðFμνÞIJ¯ in (3.42). Using the
commutation relations
½Rþ; ðQþ1Þ2ðS−2Þ2 · ϕk ¼ 0;
½Rþ; ðQ−1 Þ2ðSþ2 Þ2 · ϕ¯l ¼ 0 ð3:44Þ
and
½Rþ;H1 ¼ 2Rþ; ½Rþ;H2 ¼ 2Rþ ð3:45Þ
we can easily show that
ðF˜ðmÞμν ÞIJ¯ ¼ N 2mhJ¯j∂μHðH1 − xÞ−1ðH2 − xÞ−1
× ∂νHðRþÞmðR−ÞmjIi − ðμ↔ νÞ
¼ hJ¯j∂μHðH1 − xÞ−1ðH2 − xÞ−1∂νHjIi
− ðμ↔ νÞ; ð3:46Þ
which coincides with the expression for m ¼ 0.
Alternatively, we could try to compute (3.42) from
scratch using the logic of the previous subsections. This
approach is more involved.
IV. OPEN PROBLEMS
For the reasons outlined in the Introduction, it is of
interest to explore more generally how the curvature of
protected operator bundles behaves. As we emphasized,
when nonrenormalization theorems exist, they constrain the
dynamics of the corresponding sectors, but do not neces-
sarily lead to trivial Berry phases and trivial connections on
the superconformal manifold. There can be an interesting
interplay between the nonrenormalization theorems and
the Berry curvature, as we argued e.g., in Sec. II C, but
it is not clear, in general, what to expect for the Berry
curvature in the presence of a nonrenormalization theorem.
Given what we know from examples of protected sectors
with nonrenormalization theorems one might be tempted to
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conjecture that the curvature of such sectors is always
covariantly constant. It would be interesting to prove, or
disprove this expectation.
In Sec. III, we considered the curvature of Higgs-branch
superconformal primary bundles in four-dimensional N ¼
2 theories. In this example, we found that the curvature
vanishes identically. We anticipate that the computation of
Sec. III extends to the case of arbitrary Schur operators and
that the curvature of these operators vanishes as well. It
would be useful to spell out the details.
Another, seemingly more involved, example that would
be interesting to study is the 1=4-BPS sector in N ¼ 4
SYM theory. For a concise list of the short multiplets in
N ¼ 4 SYM theory we refer the reader to [20], or the
more recent [21]. The superconformal primary operators
in these multiplets are labelled by the three Dynkin
labels ðh1; h2; h3Þ of the SUð4ÞR R-symmetry group. An
SUð4ÞR highest weight representation with highest weight
ðh1; h2; h3Þ is usually denoted as ½h1; h2; h3. It is well-
known that the scalar conformal primary operators ϕI in the
representation ½q; p; qwith scaling dimensionΔ ¼ pþ 2q
are 1=4-BPS for q ≥ 1 and 1=2-BPS for q ¼ 0.
It has been argued that the 2- and 3-point functions of
any combination of the above operators do not renormalize.
We reviewed the 1=2-BPS operators in the Introduction.
The 1=4-BPS operators are more subtle [28]. The non-
renormalization of 2- and 3-point functions of 1=4-BPS
operators was shown using analytic superspace arguments
in [12]. A more elementary argument for the special case of
3-point functions with one 1=4-BPS and two 1=2-BPS
insertions was presented in [9].
It would be interesting to determine the curvature of
1=4-BPS superconformal primary bundles and resolve the
following questions: Is the curvature of this sector cova-
riantly constant? Can it be expressed solely in terms of
data in the 1=4-BPS sector? Is the curvature zero and
does this information carry any implications about the
structure of correlation functions involving 1=4-BPS oper-
ators? Interestingly, one cannot repeat the arguments of
Appendix C to show that the curvature of the 1=4-BPS
sector vanishes as we did for the 1=2-BPS sector. That
may be an indication that the 1=4-BPS superconformal
primary bundles are not flat in which case they would
exhibit more intriguing dynamics compared to their 1=2-
BPS cousins. We hope to return to these questions in a
future publication.
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APPENDIX A: USEFUL DEFINITIONS
In this paper, we follow closely the conventions of [20].
For the convenience of the reader we collect some of the
main definitions in this Appendix.
In the context of radial quantization, it is convenient to
transform the operators O by a similarity transformation
O → O˜ ¼ eπ4ðP0−K0ÞOe−π4ðP0−K0Þ; ðA1Þ
where P0 and K0 are, respectively, the time components of
the linear momentum and the generator of special con-
formal transformations. The conformal Hamiltonian H
arises from the dilatation operator D as
H ¼ eπ4ðP0−K0Þð−iDÞe−π4ðP0−K0Þ: ðA2Þ
On the plane R4 the N ¼ 2 superconformal algebra
possesses the Poincare´ supercharges Qiα, Q¯i _α and their
superconformal partners Sαi , S¯
i _α. The indices i ¼ 1, 2 are
SUð2ÞR indices and the indices ðα; _α ¼ Þ are standard
spinor indices.
The calligraphic superconformal generators that we use
in Sec. III are defined as [20,29]
Qþiα ¼ eπ4ðP0−K0ÞQiαe−π4ðP0−K0Þ ¼
1ﬃﬃﬃ
2
p ðQiα þ σ0α _αS¯i _αÞ;
ðA3aÞ
Q−αi ¼ e
π
4
ðP0−K0ÞSαi e
−π
4
ðP0−K0Þ ¼ 1ﬃﬃﬃ
2
p ðSαi þ Q¯i _ασ¯ _αα0 Þ; ðA3bÞ
−S−i _α ¼ eπ4ðP0−K0ÞS¯i _αe−π4ðP0−K0Þ ¼ 1ﬃﬃﬃ
2
p ðS¯i _α − σ¯ _αα0 QiαÞ;
ðA3cÞ
Sþi _α ¼ e
π
4
ðP0−K0ÞQ¯i _αe−
π
4
ðP0−K0Þ ¼ 1ﬃﬃﬃ
2
p ðQ¯i _α − Sαi σ0α _αÞ:
ðA3dÞ
They obey the (anti)commutation relations
fQþiα ;Q−βj g ¼ 2δijδαβH þ 4δijM˜αβ − 4δαβRij; ðA4aÞ
fS−i _α;Sþ
j _β
g ¼ 2δijδ _α _βH − 4δij ˜¯M _α _β þ 4δ _α _βRij; ðA4bÞ
and have Hermiticity properties
ðQþiα Þ† ¼ Q−βi σ0β _α; ðSþi _αÞ† ¼ σ0α _βS−i_β: ðA5Þ
We have adopted the convention σ0 ¼ σ¯0 ¼ 1.
Furthermore, the rotation generators M˜αβ,
˜¯M _α _β, which
appear in Eqs. (3.24a)–(3.24d), are defined as the trans-
formation (A1) of the Lorentz generators
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Mαβ ¼ −
i
4
ðσμσ¯νÞαβMμν; M¯ _α _β ¼ −
i
4
ðσ¯μσνÞ _α _βMμν:
ðA6Þ
The N ¼ 2 Uð2ÞR-symmetry generators are
ðRijÞ ¼

R3 Rþ
R− −R3

−
r
4

1 0
0 1

; ðA7Þ
where R, R3 are SUð2ÞR generators and r is the Uð1Þr
generator. To simplify the notation, in the main text we
frequently use R to denote R3 or its eigenvalue.
For further details we refer the reader to [20].
APPENDIX B: HAMILTONIAN DEFORMATIONS
In this Appendix, we collect useful details about the form
of the supersymmetric Hamiltonian deformations that are
considered in the main text in Secs. III and IV. In particular,
we discuss the reasons behind the free exchange ofQþ with
S− and Q− with Sþ in the Hamiltonian deformation. This
exchange was employed successfully in [6] to obtain the
equations in four-dimensional N ¼ 2 SCFTs and two-
dimensional N ¼ ð2; 2Þ SCFTs. It is further tested in the
context of 1=2-BPS operators in four-dimensional N ¼ 4
SYM theory in Appendix C below.
In a four-dimensional superconformal field theory with
N supersymmetries,10 there are left-chiral supercurrents
Giμα and right-chiral superconformal currents G¯i_α. Both are
conformal primary operators of scaling dimension Δ ¼ 7
2
.
i ¼ 1;…;N are fundamental R-symmetry indices. In what
follows, we will focus on the left-chiral part of the Poincare´
supercharges and their right-chiral conformal supercharges.
Analogous statements apply obviously to the remaining
supercharges.
Conserved currents can be obtained by multiplying with
a conformal Killing spinor ψαðxÞ
jiμ ¼ ψαðxÞGiμα ðxÞ: ðB1Þ
The corresponding conserved supercharges are
R
d3xji0.
On R4 the general Killing spinor is
ψαðxÞ ¼ λα þ x _ααμ _α; ðB2Þ
where λα is an arbitrary constant (1=2, 0) spinor, μ _α is an
arbitrary constant (0, 1=2) spinor and as usual x _αα ¼ xμσ _ααμ .
Hence, in flat space we have the supercharges
Qiα ∼
Z
d3xGiα0; S¯
i _α ∼
Z
d3xx _ααGiα0: ðB3Þ
To determine the action of a supercharge on a conformal
primary operator φ, we use the OPE
Giμα ðxÞφðyÞ ¼    þ
ðx − yÞμðx − yÞα _β
2π2jx − yj6 ½S¯
iβ;φðyÞ
þ ðx − yÞ
μ
2π2jx − yj4 ½Q
i
α;φðyÞ þ    : ðB4Þ
We are using notation where ½Q;φðyÞ means that we first
compute the commutator ½Q;φð0Þ at the origin and then
translate to the point y. ½Q;φðyÞ denotes the commutator
with the operator φ at y. Clearly, ½S¯iβ;φðyÞ ≠ ½S¯iβ;φðyÞ,
but ½Qiα;φðyÞ ¼ ½Qiα;φðyÞ. For the general current (B1),
(B2) a short computation shows that
lim
Z
d3xji0ðxÞφðyÞ ¼ ψαðyÞ½Qiα;φðyÞ
− ∂μψασμα _βðyÞ½S¯i _β;φðyÞ: ðB5Þ
The lim denotes a limit where the x-integral is taken close
to the y insertion. From here on, we will use the notation
lim
Z
d3xji0ðxÞφðyÞ ≔
Z
d3xji0ðxÞ · φðyÞ: ðB6Þ
Consider the following special cases of (B5):
(i) At y ¼ 0 Z
d3xGiα0 · φð0Þ ¼ ½Qiα;φð0Þ; ðB7ÞZ
d3xx _ααGi_α0ðxÞ · φð0Þ ¼ −σ _ααμ σμα _β½S¯i
_β;φð0Þ
¼ 4½S¯i _α;φð0Þ: ðB8Þ
(ii) At general y ≠ 0Z
d3xGiα0 · φðyÞ ¼ ½Qiα;φðyÞ; ðB9ÞZ
d3xx _ααGi_α0ðxÞ · φðyÞ ¼ y _αα½Qiα;φðyÞ
þ 4½S¯i _α;φðyÞ: ðB10Þ
(iii) For a superconformal primary ½S¯i _α;φðyÞ ¼ 0;
hence, Z
d3xGiα0 · φðyÞ ¼ ½Qiα;φðyÞ; ðB11ÞZ
d3xx _ααGiα0ðxÞ · φðyÞ ¼ y _αα½Qiα;φðyÞ: ðB12Þ
Now consider the operator ½Qiα;φðyÞ ¼ ½Qiα;φðyÞ on
the 3-sphere, jyj ¼ 1, where φ is a superconformal primary.10Here N ¼ 2, 4.
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When we transform to R × S3 and work in radial quan-
tization, we perform a conformal transformation and a
transformation (A1) to a new basis. Under this trans-
formation,
½Qiα;φðyÞ → ½Qþiα ; gφðyÞ: ðB13Þ
Employing (B12), we get
y _αα½Qþiα ; gφðyÞ
¼ ðy _αα g½Qiα;φðyÞÞ ¼  gZ d3xx _ααGiα0ðxÞ · φðyÞ
¼
 gZ
d3xx _ααGiα0ðxÞ

· gφðyÞ ≔ ½S−i _α; gφðyÞ: ðB14Þ
The last equality defines the action of the supercharge S−i _α
on φðyÞ and gives the precise meaning of the expressions
that we write in the main text when we express the
Hamiltonian deformations (in the main text we dropped
the tildes). This definition has all the properties we assumed
in the main text: it acts on the external states as the ‘rotated’
S−i _α and satisfies the superconformal algebra relations
listed in Sec. III of [20].
As a consequence of (B14), we get
ε _α _βfS−i _α; ½S−i_β; gφðyÞg ¼ ε _α _βy _ααy_ββfQþiα ; ½Qþiβ ; gφðyÞg
¼ εαβfQþiα ; ½Qþiβ ; gφðyÞg: ðB15Þ
To get the last equality, we used
ε _α _βy
_ααy_ββ ¼ ε _α _βσ _ααμ σ
_ββ
ν yμyν ¼ εαβyμyμ ¼ εαβ: ðB16Þ
At the last step we used jyj ¼ 1. The identity (B15) is the
reason why we exchanged Qþs with S−s in the main text
(as well as Q− with Sþ from analogous statements).
Finally, we point out that for a superconformal primary φ
with the extra property ½Q¯i _α;φðyÞ ¼ 0 we haveZ
d3xG¯i _α0 · φðyÞ ¼ ½Q¯i _α;φðyÞ ¼ 0; ðB17Þ
Z
d3xx _ααG¯i _α0ðxÞ · φðyÞ ¼ y _αα½Q¯i _α;φðyÞ ¼ 0: ðB18Þ
The transformation of these properties to the cylinder gives
½Sþi _α; gφðyÞ ¼ 0; ½Q−αi ; gφðyÞ ¼ 0: ðB19Þ
These properties are also useful in the main text.
APPENDIX C: NOTE ON 1=2-BPS OPERATORS
IN N = 4 SYM THEORY
Reference [15] showed that the curvature of 1=2-BPS
chiral primary bundles inN ¼ 4 SYM theory vanishes. As
we reviewed in the Introduction, the proof of [15] requires
the use of the four-dimensional equations, the nonrenorm-
alization of 3-point functions of 1=2-BPS operators and an
independent proof of the tree-level identities (1.8) (see
Appendix C in [15] for this proof). In this Appendix, we
present an alternative simpler proof of the vanishing
curvature in the 1=2-BPS sector that does not use the
above ingredients and relies only on special properties of
the N ¼ 4 SYM theory.
InN ¼ 4 SYM theory, there is a single complex exactly
marginal coupling, the complexified Yang-Mills coupling
τ ¼ θ
2π þ 4πig2YM. On R
4 the corresponding exactly marginal
interaction involves the operator
Oτ ¼ðQ4Þ2ðQ3Þ2 ·φ≔ fQ4−; ½Q4þ;fQ3−; ½Q3þ;φgg; ðC1Þ
where φ is the (0,2,0) 1=2-BPS highest weight super-
conformal primary. If Z denotes one of the complex adjoint
scalars of N ¼ 4 SYM theory, then φ ∼ Tr½Z2. We are
using the notation Qiα, Q¯i _α for the Poincare´ supercharges
and Sαi , S¯
i _α for the their superconformal partners. The
indices i ¼ 1, 2, 3, 4 are SUð4ÞR indices and the α, _α ¼ 
are spacetime spinor indices. The complex conjugate
operator Oτ¯ reads
Oτ¯ ¼ ðQ¯4Þ2ðQ¯3Þ2 · φ¯: ðC2Þ
In N ¼ 4 SYM theory, we can recast the above
expressions for Oτ and Oτ¯ as
Oτ ¼ ðQ1Þ2ðQ2Þ2 · φ¯; ðC3Þ
Oτ¯ ¼ ðQ¯1Þ2ðQ¯2Þ2 · φ: ðC4Þ
We will now use this special property to prove that the
curvature of 1=2-BPS operators vanishes.
First, let us consider the proof in the language of
operators and conformal perturbation theory. In that con-
text, the expression for the curvature is [14]
ðFττ¯ÞKL¯ ¼
1
ð2πÞ4
Z
jxj≤1
d4x
Z
jyj≤1
d4y
× ½hϕ¯Lð∞ÞOτðxÞOτ¯ðyÞϕKð0Þi
− hϕ¯Lð∞ÞOτ¯ðxÞOτðyÞϕKð0Þi: ðC5Þ
The operators ϕK are 1=2-BPS SUð4ÞR highest weight
superconformal primaries. Two of their defining properties
are
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½Q1α;ϕK ¼ 0; ½Q2α;ϕK ¼ 0; ðC6Þ
½Q¯3_α;ϕK ¼ 0; ½Q¯4_α;ϕK ¼ 0: ðC7Þ
The ϕ¯L are complex-conjugate lowest weight supercon-
formal primaries, which obey the complex-conjugate ver-
sions of (C6), (C7). In expression (C5), we include
implicitly a regularization prescription [2] that excises
small balls of radius ε around the insertions ϕK , ϕ¯L. At
the end of the computation we are instructed to take the
limit ε → 0 and discard the divergent pieces. We will argue
that the expression (C5) for Fττ¯ vanishes at finite ε; hence, it
also vanishes after we take the limit.
Using the freedom to express Oτ, Oτ¯ in any of the
possible ways in (C1)–(C4) we write
hϕ¯Lð∞ÞOτðxÞOτ¯ðyÞϕKð0Þi− hϕ¯Lð∞ÞOτ¯ðxÞOτðyÞϕKð0Þi
¼ hϕ¯Lð∞ÞððQ1Þ2ðQ2Þ2 · φ¯ÞðxÞððQ¯4Þ2ðQ¯3Þ2 · φ¯ÞðyÞϕKð0Þi
− hϕ¯Lð∞ÞððQ¯4Þ2ðQ¯3Þ2 · φ¯ÞðxÞððQ1Þ2ðQ2Þ2 · φ¯ÞðyÞϕKð0Þi:
ðC8Þ
We observe the following facts about the first term on the
rhs of this equation. Since Q¯3 and Q¯4 annihilate ϕK , (C7),
we can use a superconformal Ward identity to move all the
Q¯3 and Q¯4 from the y-insertion to the x-insertion. As
reviewed in [14], the ϕ¯L at infinity is hidden and there is no
contribution from the Q¯3 and Q¯4 acting on it. Moreover, the
Q¯3 and Q¯4 commute with the Q1 and Q2 supercharges
already present in the x-insertion. Similarly, we can next
move the Q1 and Q2 supercharges from the x-insertion to
the y-insertion. As a result, we find that the first term and
the second term on the rhs of Eq. (C8) are equal and cancel
out. This proves that Fττ¯ in (C5) vanishes identically.
It is interesting to note that it is not possible to carry out
the same manipulation in the case of 1=4-BPS states in
order to prove that the corresponding curvature vanishes.
Instead of (C6), (C7), the 1=4-BPS operators obey only
½Q1α;ϕK ¼ 0; ½Q¯4_α;ϕK ¼ 0: ðC9Þ
Hence, we cannot freely exchange the position of the Q2
and Q¯3 supercharges in the expression for the curvature.
This might be an indication that the curvature of 1=4-BPS
operators in N ¼ 4 SYM theory does not vanish.
Finally, as a check let us show how to rederive the above
result on the 1=2-BPS sector as a vanishing of the
corresponding Berry curvature. We formulate the Berry
curvature as
ðFττ¯ÞIJ¯ ¼ limx→0ðF˜ττ¯ÞIJ¯; ðC10Þ
where
ðF˜ττ¯ÞIJ¯ ¼
1
ð2πÞ4 limτ1→0−

hJ¯jðQþ1Þ2ðQþ2Þ2 ·
Z
S3
φ¯ðτ1ÞðH1 − xÞ−1ðH4 − xÞ−1ðSþ4 Þ2ðSþ3 Þ2 ·
Z
S3
φ¯ðτ2ÞjIi
− hJ¯jðSþ4 Þ2ðSþ3 Þ2 ·
Z
S3
φ¯ðτ1ÞðH1 − xÞ−1ðH4 − xÞ−1ðQþ1Þ2ðQþ2Þ2 ·
Z
S3
φ¯ðτ2ÞjIi

: ðC11Þ
The definitions of the calligraphic supercharges are the
same as in Appendix A. We also defined
H1 ≔ H −
1
2
ð3R1 þ 2R2 þR3Þ;
H4 ≔ H −
1
2
ðR1 þ 2R2 þ 3R3Þ: ðC12Þ
R1, R2, R3 are the Cartan generators of the SUð4ÞR
R-symmetry. The combinations in (C12) are useful because
the general highest weight 1=2-BPS and 1=4-BPS states
ðq; p; qÞ have
H1jIi ¼ 0; H4jIi ¼ 0: ðC13Þ
Using the properties of the 1=2-BPS external kets and bras
Qþiα jIi ¼ 0; i ¼ 1; 2; Sþi _αjIi ¼ 0; i ¼ 3; 4; ðC14Þ
Q−αi jIi ¼ 0; S−i _αjIi ¼ 0; i ¼ 1; 2; 3; 4; ðC15Þ
hJ¯jQ−αi ¼ 0; i¼ 1;2; hJ¯jS−i _α ¼ 0; i¼ 3;4;
ðC16Þ
hJ¯jQþiα ¼ 0; hJ¯jSþi _α ¼ 0; i ¼ 1; 2; 3; 4 ðC17Þ
and the superconformal algebra relations
½H1;Sþ3  ¼ ½H1;Sþ4  ¼ 0; ½H4;Sþ3  ¼ Sþ3 ;
½H4;Sþ4  ¼ −Sþ4 ; ðC18Þ
½H4;Qþ1 ¼ ½H4;Qþ2 ¼ 0; ½H1;Qþ1 ¼ −Qþ1;
½H1;Qþ2 ¼ Qþ2; ðC19Þ
½Qþi;Sþj  ¼ 0 for i ¼ 1; 2 and j ¼ 3; 4 ðC20Þ
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we can move on the first term of the rhs of (C11) the Sþ4 ,
Sþ3 supercharges from the τ2 to the τ1 insertion and the
Qþ1, Qþ2 supercharges from the τ1 insertion to the τ2
insertion. That shows that the first term on the rhs of (C11)
equals the second term and therefore we recover (much in
the same way as in the operator formalism) that the
curvature vanishes.
As a check of the statements in Appendix B, we note that
we can also obtain this result by writing
ðF˜ττ¯ÞIJ¯ ¼
1
ð2πÞ4 limτ1→0−

hJ¯jðS−3Þ2ðS−4Þ2 ·
Z
S3
φðτ1ÞðH1 − xÞ−1ðH4 − xÞ−1ðQ−1 Þ2ðQ−2 Þ2 ·
Z
S3
φðτ2ÞjIi
− hJ¯jðQ−1 Þ2ðQ−2 Þ2 ·
Z
S3
φðτ1ÞðH1 − xÞ−1ðH4 − xÞ−1ðS−3Þ2ðS−4Þ2 ·
Z
S3
φðτ2ÞjIi

: ðC21Þ
In that case, we must use the superconformal algebra relations,
½H1;S−3 ¼ ½H1;S−4 ¼ 0; ½H4;S−3 ¼ −S−3; ½H4;S−4 ¼ S−4; ðC22Þ
½H4;Q−1  ¼ ½H4;Q−2  ¼ 0; ½H1;Q−1  ¼ Q−1 ; ½H1;Q−2  ¼ −Q−2 ; ðC23Þ
½Q−i ;S−j ¼ 0 for i ¼ 1; 2 and j ¼ 3; 4: ðC24Þ
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